WLLIAM J. O BRIEN
SECOND YEAR VACATI ON ESSAY, August 1997

THE CONDUCTI ON OF
ELECTRICITY IN
SOLI DS

The conduction of electricity in solids is principally concerned
with the notion of electrons within a solid due to electric and nagnetic
fields. A solution or gas containing ions conducts but an ionic solid
doesn’'t because the bonding is too strong. Table 1 lists the
resistivities of a few solids at roomtenperature.

TABLE 1
CONDUCTORS RESISTIVITY / Qm
COPPER 169 X 10—8
SOV 459x10°
| RON 10—7
SEM CONDUCTORS
GERVANI UM 0.6
SI LI CON 2300
| NSULATORS
GLASS 1Om-—1OM
SULPHUR 10
FUSED QUARTZ 75x10%
In this essay | will discuss the basic concepts of conduction in

netal s and i n sem conduct ors.

THE FREE ELECTRON MODEL

In a netal the atoms’ valence electrons are delocalised and their
wavefuncti ons extend throughout the crystal. If we consider a line of 5




ions in a netal. The potential, as an electrons sees it, is shown
approximately by figure 1. The free electron nodel however ignores all
i nteractions between electrons and ions and takes the potential outside
the nmetal to be infinite.
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If we consider a cube of side L whose potential is O inside and

infinite outside and has one corner at the origin the solution of the
Ti me | ndependent Schrodi nger Equation is
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a, b and c are integers. The pernitted energy values of a particle in a
box are:
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h, k and m have their usual neanings. O course not all pieces of netal
are cubic; but that's not inportant. By turning Linto V the density of
sz

states equation can be derived; gk) = .

El ectrons are fermons which means that no two electrons of the
same spin can occupy the sane quantum nmechani cal state. The degree of
occupation of the states is given by the Ferm -Dirac equation
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where HMis the chemical potential, kg is Boltzmann's constant and T is

the tenperature. The Ferm tenperature of a typical netal is of the
order of 10000K. At roomtenperature the distribution is approximtely a
“ step” function. Each electron can be thought of as occupying part of
a sphere in “ k-space” . The radius of this sphere is the Ferm

wavenumber, kg

THE EFFECTS OF A UNFORM ELECTRIC
FI ELD

El ectrons are accelerated by d.c. electric fields.

a=-—E

e
me
where -e is the electronic charge and m, isn't the electron’s mass but
its effective nass;

In the case of free electron nodel, m=m_,. Wen the lattice potential is

taken into account this is not the case. The resistivity of a conductor
is given by Chnis | aw
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where n is the electron density and 7 is nean tine between collisions,
if it were the case that an electron loses all of the drift velocity
that it has accunulated in a collision. Sodiumis a netal that obeys the

free electron nodel very well. At room tenperature T1=26x10"s. the

Ferm velocity of the electrons is =11x10°ms™ and so the nean free path
is =29nm As this is very nuch larger than the atomi c separation in
sodium this inplies that the electrons are not scattered by the ions.
El ectron-el ectron scattering does take place but the nobst inportant type
of scattering is electron-phonon scattering. A phonon is a quantum of

vi brational energy. The energy of a phonon is g_w or kg©, where w is
T

the natural frequency of oscillation of the lattice and ©, is the Debye

tenperature, which for nobst netals is between 100K and 500K. Phonons
have no mass and are bosons. A netal can be thought of as containing a
gas of electrons and a gas of phonons. Figure 3 displays the kinds of
nmonentum transfer that can take place when an electron is scattered by a
phonon. The Ferm sphere is slightly off-centre, due to the field. The
Debye tenperature of any nmetal is much lower than its Ferm tenperature.
This, together with the Pauli Exclusion principle, neans that only
el ectrons close to the Ferm surface can be scattered by phonons.
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The phonon gas’ density is gj ven by the Bose-Einstein distribution;

n= 1 = 1
_hw | _1 ex (9)—1
exp 2rkaT 1 pT
T
| f T>>0, n=6.

At  high tenperatures the phonon density is proportional to the
tenmperature. So too is the resistivity.

| f T<<® it turns out that the resistivity is approximtely

proportional to T°.

At T=0 the resistivity ought to be 0. However all crystalline
materials have dislocations and electrons can be scattered by these.
El ectrons can also be scattered by any inpurity atoms in the netal.
Figure 3 outlines how the resistivity changes with tenperature for two
samples of nmetal, one of them is pure but the other is inmpure. The
impurities increase the resistivity by roughly the same anbunt at all
t enper at ures.
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Super CONAUCt Crfem——

The resistivity of any sanple of netal at absolute 0 is called its
residual resistivity. This is assumng that the netal doesn't becone a
superconductor. Many netals, at tenperatures below a certain critical
tenperature ( between OK and 10K ) do becomne superconductors. Many netal
oxides also becone superconductors but these do so at higher
tenperatures ( 10 - 100K ). As far as anyone can tell the resistivity of

a superconductor is 0; or if it is not then it is below 10*°Qm.



BAND GAPS

Figure 4 shows a square lattice of ions.
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If we have an electron noving along path A the way in which the
el ectron’s energy depends on its wavenunber if shown approximately in
figure 5.
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This dispersion relationship is a deformed parabola. The
wavenunber axis is divided up into Brillouin zones. At each zone
boundaries there is an energy band gap. The permitted wavenunber states

are 2”?{ where n is an integer. There are nine permtted states in the

first zone: k==—8 L,—6;{;-4§{ ....... 8 L There are nine nobre states

in the second zone and another nine in the third. Each zone can
t heref ore accommpdate 18 el ectrons. |If there is one val ence el ectron per
atom present half of the first zone is full. Each half-circle in figure
6 represents an electron. One has been shifted fromthe left-hand side
to the right by an electric field. This transfer requires very little

ener gy.

FIGURE 6

If the atonms are divalent the whole of the first zone is filled.
For conduction to take place additional energy nust by given to the
electrons for themto junp the gap. If the atons are trivalent the first
zone is filled and second zone is half filled. Conduction is possible in
this case. One might think that no elenent with an even nunber of
val ence el ectrons per atom can be a conductor. The alkaline earth netals
are dival ent however and so are nost netals in the transitional series.
The reason beconmes apparent when the situation is considered in two
di mensi ons. The separation of atons along Iine B on figure 4 is |arger
than the separation along Iline A Along Iline C it is larger again. The
energy of a valence electron therefore depends not only on the direction
of its wavevector as well as its magnitude. In the free electron case it
depended only on its magnitude. It is possible, if the band gaps are

quite snmall, that the highest energy in the first zone, |ooking along
one direction, is higher than the |owest energy in the second zone,
| ooking along another. If such an overlap exists the elenent can

conduct. If not; it is a sem conductor or an insul ator

HOLES

In the case of a divalent elenent the energy band above the band gap
is called the conduction band because only electrons in this band can
conduct. The energy band bel ow the band gap is called the val ence band
In figure 7 an electron has been taken from the val ence band and added
to the conduction band. There is now a “ hole” in the valence. A hole



will shift in the presence of an electric field and act like a positive
charge carrier.
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If the only charge carrier in a metal were electrons then all netals
woul d have negative Hall coefficients. Sone netals though, such as
cadmi um have positive Hall coefficients and this is due to holes.

SEM CONDUCTORS

The resistivities given for Silicon and Germanium in Table 1 are for
the pure sem conductor at 298K. A semiconductor’s resistivity though is
hi ghly dependent on tenperature and can be affected by “ donor” and
“ acceptor” impurity atoms. Both types of charge carrier are present in
a semconductor. An alternative nethod of displaying the dispersion

relationship is shown in figure 9. The effective masses, m,and m,, are

consi dered as constants, since the effective nasses at band gaps cone to
a stationary point as figure 8 shows. Only electrons near a band gap are
liable to cross the gap.
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The density of states in the conduction band is

o) =3 (om.) *(E-&) .

h3

In the val ence band

The conduction el ectron density is

%if(E)g(E) dE.

The hol e density is
2 0
vI[l—f(E)]g(E) dE.

If one assunes that the chemical potential at room tenperature is near
the centre of the band gap and that f(E) is a step function the
i ntegrals can be eval uat ed.

3
— O 2
n=N, exp EGD wher e NC=2W§/,
Ok,T O h

2
where N, =2 1vnﬂ<BTEi.
h

K

O
=N, expF
p v pD kT

|

The two concentrations nmust equal eachother in a pure seni conductor

0 E O
n=p= N %ex —[
P =NcN,) pE_kBTE

The chemi cal potential of a pure senmiconductor is

1_ .3 C, O
= ZE, + -k, TIng—[
H=oE* gk O, O

Since 1 eV >> k;T at room tenperature the assunptions nmade earlier are

accept abl e.

The solid line on figure 10 shows how the conductivity of a
pure sem conductor changes with tenperature. Bel ow 50K a semni conduct or
is practically an insulator.
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FIGURE 10
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DONOR  AND ACCEPTOR | MPURI TI ES

Silicon and germanium are nenbers of group IV in the periodic table.
Each atom forms four coval ent bonds w th neighbouring atons. A group |V
atom can be replaced by a group V atom|like arsenic. That atom having
formed four bonds, has one spare valence electron that can join the
conduction band. Alternatively a group IV atom can be replaced by a
group Il atomlike alumnium This atom needs an extra electron to form
the four bonds. It takes one from the valence band, thus creating a
hol e.

Donor and acceptor atons introduce new energy bands, as shown on

figure 9. If a semconductor contains Nydonors and N, acceptors the
nurber of ionised donors is

ND+ = ND[l_f(EG _ED)]

and the nunber of acceptors is
N, =NAfE,).

The dotted line on figure 10 shows how the conductivity sem conductor

doped with donors ( ~ 1 atom in 10°) changes with tenperature. The
chem cal potential of this sem conductor is

[N_O
=E, -k, TInEG-—=0.
H=E -k %iDD

At very low tenperatures, upu>E, and so very few donors are ionised. As
the tenmperature increases p drops below E, and nore donors becone
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i oni sed. The conductivity increases up to a point when all the donors
have becone ionised. It then starts to fall again due to phonon
scattering. At about 500K it starts to rise sharply, following the path
that a pure sem conductor takes.
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